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Useful lower bounds are obtained for ml@, s), s a prime power, r > t > 3, 
by relating (t - I)-flats of PG(r - 1, s) to (t - 1) and lower dimensional flats 
of its subgeometries. Explicit expressions in general are obtained for these bounds 
when t = 3. A general method is developed for deriving these bounds when t :‘- 3. 
1. INTRODUCTION 
Throughout the paper s denotes any prime number or a prime power. 
The standard notation m,(r, s), r 3 t >, 2 is used to denote the maximum 
number of distinct points in PG(r - 1, s) based on GIGIGIGIGIGIGIGIGIGIGIGIGIGIGIGIGIGIG), so that no t points 
among them lie in a (t - 2)-flat. The determination of m&, s) for various t, 
Y, and s, and in the absence of a complete solution, determining sharp bounds, 
particularly lower bounds for it is of utmost importance in information 
theory and fractionally replicated symmatrical factorial designs. It is relevant 
to mention here that the problem is a classical one and has attracted the 
attention of several authors, including Bose (1947, 1961), Segre (1955, 1959, 
1961, 1967), Tallini (1963), Gulati and Kounias (1970, 1973), Gulati et al. 
(1973) Pellegrino (1971), Hill (1973), etc. m,(r, s) for all s and r > 2 is a 
triviality and so far only the expressions for m,(r, 2) for all r 3 3, m,(3, s) and 
m,(4, s) for all s, m,(5, 3), m,(6, 3), m,(4, s) for all s, ~~(5, s) for odd s are 
completely known, and the general problem is still far from being solved. 
Analogous to mt(r, s), the notation n,(r, s), r >, t > 2 is used in the present 
paper to denote the maximum number of distinct points in EG(r - 1, s) no t 
of which lie in a (t - 2)-flat of the EG(r - I, s). The purpose of introducing 
Q(Y, s) is that it is utilized in obtaining lower bounds for q(r, s). In the 
following sections, by relating (t - I)-flats of PG(n + n’, s), IZ > t, n’ > 1 to 
the (t - 1) and/or lower dimensional flats of its possible subgeometrics 
PC@, s) and PG(n’, s), a method is developed by which useful lower bounds 
are obtained for mt(r, s), r >, t >, 3. 
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2. RELATION OF PG(n + n',~) AND EG(n + n',s) TO THEIR POSSIBLE 
SUBGEOMETRIESOFDIMENSIONSIZANDL 
Bose’s (1947) method and presentation are followed in the present paper 
for projective and Euclidean geometries defined over GE;(s). For the sake of 
uniqueness, any point of PG(n, s), II > 2 may be written as an (n + I)-tuple 
with the first nonnull coordinate as unity. 
2.1. PG(n + n’,.s),n > 2,n’ > 1 
In Bose’s (1947) method, any (t - I)-flat of PG(n + IZ’, s) can be represen- 
ted by (n i- n’ - t + 1) linearly independent homogeneous equations defined 
over GE(s). The equations can be written as 
a01 
ao2 
A-,;,' = 0, 
x n+n' = 0, 
aO.n+nf-ld 1 x0 T al,n-cn’-t+l Xl + ... + un+n’,ntn’-t+l X,+,’ = 0. 
(2.1.1) 
Considering the submatrix given by the coefficients of x~+~ through .x,+,’ 
in all the equations, it can be easily seen that the rank of this submatrix, sayp, 
must lie between max(O, iz’ - t) and n’. Assuming the rank to be p, by 
elementary operations the set of equations (2.1.1) can be always reduced to 
the set of equations (2.1.2) divided into two distinct subsets (2.1.2a) and 
(2.1.2b) given below. 
.ql + .‘. + a& 
x0 + ... + a;, 
-ro + .‘. + d,n-,n’-t-p+l x, = 0, 
, ao.nin’-t-u+2 x0 + ... t a;+,r,,,n~-t-,+, -%+?I’ = 0, 
x0 + ... + a’ n+n’,ni ?L-t--P+3 -Y?b+?l’ = ” (2.1.2b) 
a’ o.a- a’-t+1 .ro + ... f 4+n,,n+nf--t+l X?IML’ = 0. 
There are m f I possible values of p, where m = min(t, n’). For a fixed set 
of coefficients in (2.1. I) and hence in (2.1.2), let us consider these possibilities 
one by one. 
A (t ~ I)-flat of PG(n + n’, S) given by the set of equations (2.1.2) will be 
said to be of type (A,.), if p = n’ - r, r = 0, 1, 2 ,..., min(n’, t). In general, let 
n+nr = 0 of (2.1.2b) is ruled out, because this solution coupled with 
X” = x1 = ... = X, = 0 does not give a point of PG(n + n’, s). Also, two 
solutions (x,~+~ , .x,+~ ,..,, x,+,,) and (x,+~ , .Y,+~ ,..., .I+~~+~~,) of (2.1.2b) in 
this case are to be considered identical, if (x,+~, .Y,+~ ,..., .Y,+,~,) r= p(.~,,+~ ,
-yn+2 ,...1 -y,+,, c), 0 # p E GF(s), because the two solutions then coupled with 
x0 zzz .y, z . . . = X, = 0 give the same point of PG(n + n’, s). Hence, writing 
so = .k-1 = . . . = x, = 0, the set of equations (2.1.2b) represents an (r - l)- 
flat of PG(n’ - 1, s). 
So, we can characterize a (t - I)-flat of type (A,.) of PG(n + n’, s) as: 
(1) There are (V - l)/(s - 1) points in the flat with first (n + l)- 
coordinates all null. Considering last ti’ coordinates of these points, they 
constitute an (v - I)-flat of PG(n’ - 1, s). 
(2) There are s’(+~ -- l)/(s - 1) points in the flat with first (n -f 1) 
coordinates not all null. The points are divided into (.F - l)/(s - 1) sets of 
sr points each, the first (n + I) coordinates of each point in a set remaining 
constant. The last n’ coordinates of the s’ points in a set represent an r-flat of 
EG(n’, s). The (P - I)/(s - 1) distinct (n + I)-tuples given by the first 
(n -+ 1) coordinates of all these points in all the sets taken together represent 
a (t - r - I)-flat of PG(n, s). 
It may be noted that for a (f - I)-flat of type (A,) of PG(n + j7’, s), i.e., 
when r = 0, the set of points in (I) is void. PG(n’ ~ 1, s) of (1) may be added 
to the EG(n’, s) of (2) to make a PG(n’, s). 
Having thus established a relationship between on the one hand a (t - l)- 
flat of PG(n i n’, s) and on the other hand (t - 1) and/or lower dimensional 
flats of its possible subgeometries PG(n, s), EG(n’, s), PG(n’ - 1, s), let us 
denote 
(i) the LJ - (s+l+l - l)/(s - 1) points of PG(n, s) by r1 distinct I- 
symbols CI~ , a? ,..., a,, , 
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(ii) the v2 = P’ points of EG(n’, s) by u2 distinct symbols b, ,6, ,..., 
b,2, and 
(iii) the v3 = (P’ - 1 )/(s - 1) points of PG(n’ - 1, s) by r3 distinct 
symbols 8, , 8, ,..., tI.s, . 
Then, all the u1~12 + vg distinct points of PG(n + n’, s) can be represented 
uniquely by vlvz ordered pairs of the form (ai , b,), i = 1, 2 ,..., u1 ,,j x 1, 2 ,,.., 
c and the us symbols 01 , e2 ,..., 19~~ . When represented in this manner, 
a’(* - I)-flat of type (A,) of PG(n + n’, s), r = 0, 1, 2 ,..., min(n’, t ), can be 
written explicitly in terms of all its points as 
ii,. = 1, 2,..., r1 = i,;k’ 1, 2 ,..., I for k 1, 2 ,..., qr , k’ = 1, v2 2 ,..., sr, = 
j, = 1, 2,..., v3 for I = 1, 2 ,..., pr . 
where (ail, Q, ,..., aiJ constitutes a (t - r - 1)-flat of PC@, s), (bik, , 
bik,‘) constitutes an r-flat of EG(n’, s) for all k = 1, 2,..., q7. and 
,g ,..., 8,,,) constitutes an (r - 1)-flat of PG(n’ - 1, s). 
2.2. EG(n + n’, s), n 3 2, n’ b 1 
Writing down the equations defining a (t - I)-flat of EG(n + n’, s) and 
proceeding in the same manner as in Section 2.1, we can establish a relation- 
ship between, on the one hand, a (t - I) flat of EG(n + n’, s) and, on the 
other hand, (t - 1) and/or lower dimensional flats of its subgeometries, 
EG(n, s) and EG(n’, s). Here too on the basis of this relationship, (t - l)- 
flats of EG(n + n’, s) can be similarly classified into (m + 1) types, (B,), 
(B,) ,..., (E&J, where m = min(n’, t). 
Denoting ~1’ = s” points of EG(n, s) by C’ symbols a, , a2 ,..., a,’ and z.‘~ = 
s”’ points of EG(n’, s) by v2 symbols b, , b, ,..., bvz, the v’vz points of EG 
(n + n’, s) can be denoted by the ordered pairs (ai , bj), i = 1, 2,..., v’ and 
j = I, 2 )...) v2 . A general (t - 1)-flat of type (I.?,), r = 0, 1, 2 ,..., min(n’, t) 
can then be written in terms of its points as 
for k = I, 2,..., q’? and k’ = 1, 2 ,..., sr, where (cl+, ui, ,..., a,*,! constitutes a 
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(t - r - l)-Aat of EG(n, S) and (ZQ, bi,g ,..., biLSr) for all k = 1, 2 ,..., q’T 
constitutes an r-flat of EG(n’, s). 
A close look at the set of equations (2.1.2) will immediately establish the 
following result, written in the form of a lemma. 
LEMMA 2.1. For any (t - l)-J7at of type (AT) or (I$), r = 1, 2,..., min 
b’, t), two sets (bib,, bik2 ,..., bZliS7) and (b+, , b,,.z ,..., b+‘), Vk # k’ are 
either disjoint or identical. 
Proof. This is because the two r-flats of EG(n’, s) given by (2.1.2b) for any 
two distinct solutions of (2.1.2a) are either identical or parallel. 
Another general result regarding all PG’s and EG’s, which is trivially true 
is stated in the following lemma. 
LEMMA 2.2. Let S be a subset of the points of a PG or EG with cardinality 
at, no t of which lie in a (t - 2);Rat of the geometry. Then, for t 3 4, no 
(t - 1) points of S lie in a (t - 3)-Jrat of the geometry. 
3. LOWER BOUNDS ON m3(r,s) 
In the general procedure discribed in Section 2, we write t = 2. 
From the discussions in the previous section, it is clear that the lines of 
PG(n + n’, s), n >, 2, n’ >, 1 can be of m + 1 possible types, (A,), (A,) ,..., (A,), 
where m = min(n’, 2). A line of type (A,) does not include 0’s. For a line of 
type (A,), i.e., r = 1, we have q1 = 1, p1 = 1 and so a line of PG(n + n’, s) 
of type (A,) in terms of its points will look like 
A line of type (A,) of PG(n + n’, s), when it exists contains only 0’s. 
Now, let us assume m,(n + 1, s) > p and n,(n’ + 1, s) 3 p’. Let the p 
points of PG no three of which are collinear be denoted by alI, u2, ,..., ale , 
where &‘s are naturally p distinct symbols from the set (1, 2,..., s}. Also, we 
are assuming that there exist p’ points in EG(n’, s) no three of which are 
collinear. Let these points be denoted by bljl, b,f2 ,..., b,;, , where l’,‘s are 
naturally p’ distinct symbols from the set { 1,2,..., vz). Let us construct the set 
S,,, as 
S nn’ = {(al,, bl;,), k = 1, 2 ,..., p, k’ = 1, 2 ,..., p’>. 
S,,, is a subset of the points of PG(n + n’, s) derived from its subgeometries 
PG(n, s) and PG(n’, s) as explained in Section 2. A line of type (A,) of PG 
(n + n’, s), if it exists, does not include any point from S,,, and no three 
points of S,,, can lie together in any line of type (A,) or (AI) of PG(n + n’, s). 
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Thus, given a set ofp points of PG(n, s) and a set of p’ points of EG(n’, s), no 
three collinear, we are able to construct a set ofpp’ points of PG(n + n’, s), no 
three of which are collinear. So, we have proved the following theorem. 
THEOREM 3.1. For n > 2, n’ > 1, m3(n + I, s) 3 p, andn,(n’ + I, s) 3~’ 
3 m3(n + n’ + 1,s) >pp’. 
The same chain of arguments which establishes Theorem 3.1 can be 
repeated with the starting PG(n + it’, s) replaced by EG(n + n’, s) and we 
can prove the following analogous result for EG’s. 
THEOREM 3.2. For n 3 2, n’ > 1, n3(n + 1, s) > p, andn,(n’ + I, s) > p’ 
=>n,(n+n’+ 1,s)bpp’. 
Let us consider the following particular cases of Theorem 3.1: 
In all the following examples in this section we assume s > 2. 
(i) Iz’ = 1. n,(2, s) = 2 trivially, 
:. nz3(n + 1) s) > p * n23(n + 2, s) > 2p. 
(ii) n’ = 2. It is known that 
n,(3,s)=s+ 1, odd s 
=s+2, even s, 
:. m3(12 + 1, s) 3 P 2 m3(n + 3, s) b (s + 1) p, 
and 
3 (s + 2)P, 
(3.1) 
odd s (3.2) 
even s. (3.3) 
(iii) 11’ = 3. m,(4, s) = s2 + 1. It was shown by Bose (1947) that these 
(s2 + 1) points of PG(3, s) may be taken as all the points lying on a non- 
degenerate unruled (elliptic) quadric in PG(3, s), whose equation may be 
taken as 
ullx,2 + Q13XlX3 + &2X33 = X3X4 , (3.4) 
where a,,~~ + a12y + a22 is irreducible over GF(s). 
Writing x4 = 0 for the PG(2, s) at infinity, there is only one point at 
infinity lying on the quadric (3.4). Thus, deleting the plane at infinity there 
exist s2 points in the residual EG(3, s), no three of which are collinear. 
:. n3(4, s) 3 s2. 
Thus, m3(n+1,s>~p=>m3(n+4,s)~s2p. (3.5) 
Now, we can finally include in S,,, exactly one of the points 8, , 0, ,..., eo3 
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lying in PG(2, s), which when deleted from the quadric (3.4) of PG(3, s) gives 
a set of s2 points in the residual EG(3, s), no three of which are collinear. The 
property of the set S,,, is unaltered by this inclusion, 
:. (3.5) can be modified as 
m,(n$ 1,s)3pt-n?,(n+4,s)~s2p$ 1. (3.6) 
Now consequent to (3.1) (3.2) (3.3), and (3.6), we have for p > 0, 
m&4 + 3p, s) 3 s2(J3+l) + s2p + ‘.’ + s2 + 1, (3.7i) 
nt,(5 + 3p, s) 3 2(sZ’p+1) + 91’ + ‘.. + s2 + I), (3.7ii) 
m3(6 + 3p, s) 3 (s $ l)(s2’“+l’ + s2J’ + ... + s2 + l), s odd, 
and 2 (s + 2)(s 2lP+l) + s2P + . . . + SO + I), s even. (3.7iii) 
Of the results in (3.7), (i) was proved by Segre (1959) in his pioneering 
paper “Le Geometrie Di Galois.” But (ii) and (iii) constitute some improve- 
ments on the corresponding bounds given by Segre (1959). 
The analogous results for EG’s from Theorem 3.2 are obviously, for p 3 0, 
and 
I?,(4 + 3p, s) 2 s2(p+l), (3.8i) 
n,(5 + 3p, s) > 2s-‘l), (3.8ii) 
n&6 + 3p, s) 3 (s + 1) s~(P+~), s odd 
3 (s + 2) s2(p+l), s even. (3.8iii) 
4. LOWER BOUNDS ON m,(r,s), Y 3 t > 4 
For a PC@, s), n > t > 3, let us assume m,+,(n + 1, s) 3 p, i.e., we are 
assuming that there exist p points in PG(n, s) no (t + 1) of which lie in a 
(t - I)-flat. Let these points be denoted by a+, aLz ,..., gfs, where Z,‘s are 
naturally p distinct symbols from the set (1, 2,..., rlr} whtch constitute the 
suffixes of all distinct points of PG(n, s). For some appropriate t’ (to be 
discussed subsequently), we assume n,,+,(n’ + 1, s) > p’. Let the p’ points of 
EG(n’, s) no (t’ + 1) of which lie in a (t’ - 1)-flat be denoted by blpl, b,,2 ,..., 
b,;, , where (l’l , I', ,..., I’,,) constitutes a subset of {I, 2,..., v,], the set of 
suffixes of all distinct points of EG(n’, s). Let us construct a set, S&, as 
fol1ows: 
and 
= {(a,, 5 bl), Car8 , b,,,) ,... , (a,,, , br,), 
(a,, 3 buph (a,:! 1 brgL.., (q, , b,;+J:, if p’ > p. 
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The cardinality of S&, is 
and 
P +P’- 1, ifp’ <p 
2P9 ifp’ >p. 
Then, let us find the appropriate t’ which will make S&, , a subset of the 
points of PG(n + n’, s), such that no (t + 1) points of it lie in a (t - 1)-flat. 
As long as 12’ 3 t’, a close scrutiny of the composition of S&, and Lemmas 
2.1 and 2.2 reveals that the appropriate value of t’ which will meet this 
requirement is 
t/z when t is even 
and 
(t + 1)/Z when t is odd. 
When n’ < t’, what we require is that the set of points {b,Tl, blfs ,..., b,;,} of 
EG(n’, s) should have cardinality less than n’ + 2 and the set should not lie in 
a subflat of EG(n’, s). So, in this case p’ = n’ + 1. Thus, when n’ < t’, the 
set of any n’ + 1 points of EG(n’, s) which is not contained in any subflat of 
EC@‘, s) will serve the purpose and can still be read as the set of points of 
EG(n’, s), no (t’ + 1) of which lie in a (t’ - I)-flat. So, we shall write 
ni,+l(n’ + 1, s) = n’ + 1, when n’ < t ’ and use the notation n,(r, s) uniformly 
for all r, whether greater than, equal to, or less than t. 
Then, with these appropriate values of t’, it is easy to observe with the 
help of Lemmas 2.1 and 2.2 that in both the cases t even and odd, no (t + 1) 
points of S&, lie in any (t - I)-flat of PG(n + n’, s) of any of the types 
(44, GG,..., (&), m = minb’, t>. 
What we are doing is essentially as follows: 
We express the points of PG(n + n’.s) in terms of the points of its possible 
subgeometries PG(n, s) and PG(n’, s). Relating the (t - 1)-flats of 
PG(n + n’, s) to the (t - I) and lower dimensional flats of its subgeometries, 
we classify them into a number of mutually exclusive and exhaustive types, 
and finally construct a subset S,*,, of the points of PG(n + n’, s) such that no 
(t + 1) points in the subset lie together in any (t - I)-flat of any of the 
mutually exclusive and exhaustive types. Thus, we have proved the following 
theorem. 
THEOREM 4.1. For n > t 3 3, n’ > 1, mt+I(n + 1, s) > p, and 
n,,+,(n’ + 1, s) > p’, where (i) t’ = t/2, if t is even and (ii) t’ = (t + 1)/2, 
iftisodd+m,,,(n+n’+ l,s)>p+p’- 1, ifP’ G P, 
and 
a 2P, ifp’ >p. 
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Thus, for instance, let us assume that there are p’ points in EG(n’, s), no 
(t + 1) of which lie in a (t - 1)-flat. If in addition there are p points in PG 
(n, s), no 2t of which lie in a (2t - 2)-flat (no (2t + 1) of which lie 
in a (2t - 1)-flat), then the number of points in PG(n + n’, s), no 2t of which 
lie in a (2t - 2)-flat (no (2t + 1) of which lie in a (2t - I)-flat) is 
>p +p’ - 1, ifp’ <p 
and 
3 2P, ifp’ >p, 
Now, replacing the starting PG(n + n’, s) by EG(n + IZ’, s) and employing 
the same chain of arguments as in proving Theorem 4.1, we have the analo- 
gous result for EG’s as 
THEOREM 4.2. For n > t > 3, n’ 3 1, nt+1(n + 1, s) > P, mui 
r~,,+~(n’ f 1, s) > p’, where (i) t’ = t/2, ift is even and (ii) t’ = (t + 1)/2, 
iftisodd~nn,+,(n+n’f l,s)>p$p’- 1, ifp’ < P 
and 
2 2P, ifp’ >p. 
Theorems 4.1 and 4.2 are apparently quite strong and can be utilized 
liberally to obtain lower bounds of mt(r, s), r >, t 3 4 for all r and t, however 
large. Some examples are considered in the paper to indicate their potentiali- 
ties. 
Let us write 
and 
m&7, s) 3 a!’ for all n 3 t 
n,(n, s) 2 bz’ for all 17. 
It has already been stated that for n < t, n,(n, s) = bz’ = n. 
Then, Theorem 4.1 implies the inequality: 
where 
For n > t, 
and 
where 
c’“!, = a(‘). + ,V’) - 1 729 n3 .,+1 3 jf act). > ,C’) n 3 A- 1+1 
= 2act!. n /I if a’“! < b?‘) * 2 3+1 7 
t’ = (t + 1)/2, if t is odd 
=(tP)+ 1, if t is even, 
j = 1, 2 ,..., n - t. 
(4.1) 
where 
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Similarly, Theorem 4.2 implies: 
where 
For n > t, bit’ > Max&/!! d,$, ,..., &‘), R 13 (4.2) 
t’ = (t + 1)/2, if t is odd 
=(t/2)+ I, if t is even, 
j = 1, 2 ,..., n - t. 
Let us utilize (4.1), (4.2) and the results of Section 3, (3.7) and (3.8) for 
obtaining the lower bounds of some m,(r, s), r > t > 4. 
EXAMPLE 1. t = 4, s = 2. 
It is known that 
m,(r, 2) = n3(r, 2) = 2?-l for r >, 3, 
and 
m,V, 2) = 5, m&, 2) = 6, 
m,(7,2) = 1 I, m,(8,2) = 17. 
By (4.1) we have 
m,(% 2) 3 18, m,(lO, 2) 2 20, 
m,(12,2) > 32. 
EXAMPLE 2. t = 4, s = 3. 
m,(4, 3) = 5. 
Hence, 
m,(6,2) = 8, 
m,(l I,21 2 24, 
md5,3) > 6, md63) 2 8, m,(7,3) 2 10, m@, 3) 2 12, 
m&4 3) 2 16, m,(lO, 3) > 18. 
EXAMPLE 3. t = 4, s > 3, s odd, 
m,(4, s) = s + 1 for s > 4, 
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:. m,(5, s) 3 s + 2, m,Qis) > 2s + 1, 
m,(7, s) 2 2(s + l), m*@, 3) 3 3s + 1, 
m&9, s> 2 2(2s + I), m,(lO, s> >, 4(s + 1). 
EXAMPLE 4. t = 4, s > 3, s even, 
md% s> as++, md6, $1 3 2(s + 1). 
m,(7, s) > 2s + 3, m&, s) 3 3(s + I), 
m,(% s> 2 4(s + 11, m,(lO, s) > 2(2s + 3). 
EXAMPLE 5. t = 5, s = 2, 
m,(r, 2) = 1 + m4(r - 1, 2) for all y 3 5. 
So, the bounds are known from those of ml(r - I, 2). 
EXAMPLE 6. t = 5, s = 3, 
M&3) = 6, 
:. m&6, 3) > 7, m,(7, 3) > 9, m,(8, 3) 2 12, m&3) Z 14, 
m,(lO, 3) 2 17. 
EXAMPLE 7. t = 5, s = 4, 
m&5,4) = 6, 
:. m&6, 4) >, 7, m&7,4) Z 11, m,(8,4) 2 12, 
m&4 4) > 16, m,(lO, 4) > 22. 
EXAMPLE 8. t = 5, s > 5, s odd, 
m,(5,s) = s + I for odd s > 5, 
:. m,(6,s) > s + 2, m,(7, s) > 2s + 1, m,@, $1 Z 2b + 11, 
m,(9, s) 3 3s + I, m,(IO,s) > 2(2s + 1). 
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EXAMPLE 9. t = 5, s > 5, s even, 
m,(5, s) 3 s + 1 for even s > 5, 
:. m&6, s) 3 s + 2, %(7, s) 2 2(s + l), m,(8, s) > 2s + 3, 
m,(9,s> 3 3(s + 11, m.40, s> 3 4(s + 1). 
EXAMPLE 10. s >, t > 5. 
Gulati and Kounias (1970) have given a method of obtaining (s + 1) points 
inPG(t - I, s), no t of which lie in a (t - 2)-flat, when s 3 t; i.e., m,(t, s) 3 
s + 1 for s > t. 
But in Gulati’s construction, out of these (S + 1) points of PG(t - 1, s) 
only one lies in the (t - 2)-flat at infinity. So, deleting that point from the set, 
we have 
n,(t, s> 3 s for all s 3 t. 
:. By making use of this result in (4.1) we can write 
%t+1(3t + 1, s) 2 2.3 foralls>2t+I,t>3 
and 
%?,w, 3) 3 25 for all s > 2t, t > 3. 
The results (4.1) and (4.2) are quite general. A few of the lower bounds are 
calculated above using them for the purpose of illustration. 
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